In this paper we study the production of pairs in no-analytic potentials. It is a well-known fact that, when the potential is analytic the average number of produced pairs is exponentially small in . On the other hand, when the potential is no-analytic, using the W.K.B. method, we prove that the average number of produced pairs is Ç´« ¾AE µ, where AE is the regularity of the potential and « is the fine structure constant. Finally, we give a rigorous proof of the Schwinger's formula.
Introduction
In the previous paper (Haro, to appear) we have obtained the formula that give the average number of produced pairs due to the presence of an external uniform field. The most important application of this formula is the "formal" deduction of the average number of produced pairs in a constant electric field.
Here, the objective is the study of the average number of produced pairs in no-analytic fields (the case of an analytic potential has studied in (Eisenberg and Kälberman, 1988; Marinov and Popov, 1977; Popov, 1972) ) and the rigorous computation of the average number of produced pairs in a constant electric field.
First, we will see the relation that exists between the probability that a pair is created and the transmission and reflection coefficients of the associated Klein-Gordon equation. It is well-known (Berry, 1982; Fulling, 1985) that these coefficients depend of the regularity of the field, thus, the average number of produced pairs depends of the regularity of the field, this fact is explained in detail in section 2.
In section 3, we give bounds of the average number of produced pairs in an uniform electric field that have regularity AE ½ . For this propose, we will use the W.K.B. method, in a similar way used in (Berry, 1982) , and we give bound of the error that we obtain using this method. We prove that the average number of produced pairs is Ç´« ¾AE µ, where « is the fine structure constant. And we see that, in the case that the electric field has a discontinuity at the point Ì, the average number of produced pairs, when the field is switched off, is in the semi-classical approximation « ´Ì µ Ñ ¾ where ´Ì µ is the energy of the field at time Ì.
Finally in Section 4, we prove that the average number of produced pairs per unit time and unit volume in a constant electric field, when the time increases to infinity, is
This result has formally proved for some authors (Haro, to appear; Holstein, 1999; Nikishov, 1970) . In this work we give a demonstration that is very large and complicated, because we use the asymptotic expressions of the hipergeometric confluent functions with the bounds of the remainding terms, and also a semi-classical solution of the second quantized Klein-Gordon field equation, in the Schödinger picture, is used. But any way, we believe that a rigorous demonstration and a suitable interpretation of this result was needed.
Production of particles without spin
As in the previous paper, we consider the Klein-Gordon field in a box of volume Ä ¿ , coupled with an external uniform vector potential ´Øµ. The Hamilton equations are
We suppose that ´Øµ has the following form
We look solutions of (1) in the following form
Therefore, the average number of produced pairs in the -state at time Ø Ì ¾ is (Fulling, 1985) AE ´Ø Ì ¾ µ ¾
and the total average number of produced pairs at time Ø Ì ¾ , is
In order to calculate and , we suppose that Ù ´Øµ ¾ ½´Ê µ, then we obtain
where Ï ´Øµ ´Øµ is the Wronskian of the functions and at the point Ø, and 
Then, we obtain the following expression
For this reason, we will always demand that the condition (10) 
After the substitution in (1), we obtain ¦ È ¦ ´Øµ È ¦ ´Øµµ ¾ ¯¾ ´Øµ We expand È ¦ in power series of thus,
We obtain, after having equalized the powers of 
Proof: A) From the equation (16), we obtain
From this result we can deduce
Now, after integrating we obtain the result. B) From the equation (16), we have
and we have
and the result is obtained after integration. 
Due to the corollary 2.1 we have the following bounds
where
Therefore, if we define
we obtain
where is an adimensional constant independent of and . 
We suppose that ¾ ¾ at the point Ì ½ . In this case
Therefore, if we use the corollary (2.1), the solution of (1) in´Ì ½ Ì ¾ µ verifies
where ½ Ñ Ü Ø¾´Ì ½ Ì ¾ µ ´Øµ . Since ³ ¦ verifies the condition (10), then if we apply the formula (11) we obtain
where Ã is an adimensional constant.
We see that, in the case that ¾ ½ at the point Ì ¾ , then in the semi-classical approximation we obtain 
Computation of the number of produced pairs
The theorem (3.1) give a bound of the average number of produced pairs in the -sate when Ø Ì ¾ . Now, we show a bound of the total average number of produced pairs. First, we study the following no-physical case. We consider
In this case 
where « ¾ is the fine structure constant.
In particular, for AE ¼ from (38) we can deduce, in the semi-classical approach, that
where ´Ì ¾ µ is the energy of the field at time Ì ¾ .
In general, using the W.K.B. method, we can prove the following 
The Schwinger formula
In this section we give a rigorous proof of the Schwinger's formula. In order to obtain this formula we consider the potential vector ´Øµ 1 ¼ ´Øµµ with
where we have supposed that Ì ½. In this case ( Ì ½) we cannot apply the W.K.B. method, because the function ´Øµ increases to infinity when Ì ½ . First, we will bound the average number of produced pairs in the -state at time Ø. In order to take this bound, we use the diagonalization method in the Schrödinger picture (Haro, 2003) . In this picture, the evolution problem is´
where À ´Øµ ¯ ´Øµ´ · ´Øµ ´Øµ · · ´Øµ ´Øµµ is the diagonalised Hamiltonian, in the Schrödinger picture, at time Ø.
A semi-classical solution of the problem (48) is
Now, using (Haro, 2003) , it is easy to verifies that
Then, the solution of (48), namely, Ì´Ø Ìµ ¼ ¼ ´ Ìµ, verifies (Maslov and Fedoriuk, 1981) Ì´Ø Ìµ
Now, let È Ò ´Øµ be the probability that Ò pairs are produced in the -state at time Ø, then we can deduce
Using that (Grib, Mamayev and Mostepanenko, 1994; Marinov and Popov, 1977; Nikishov, 1970) 
we deduce that the average number of produced pairs in the -state at time Ø is
We bound the average number of produced pairs that have the third component of the momentum between Ø ½ and Ø ¾ . Then, using the previous bounds, we obtain
We also calculate the average number of produced pairs that have the third component of the momentum in In order to bound the third term, first we bound
The third term is less than or equal to 
